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What is shape and topology optimisation for computational design?
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Crash course on level set-based topology optimisation
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Crash course on level set-based topology optimisation

Initialisation [8]

@ Fixed computational domain D

@ Implicitly track {2 c D via a level
set function ¢ with

o(x) <0 ifxeQ,
o(x) =0 ifxedQ,
#(x) >0 ifxe D\Q.
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Crash course on level set-based topology optimisation

Solve PDEs Initialise mesh and

level set functions
@ Solve with body-fitted mesh,
unfitted methods, or interface .
smoothing
. /§lve state equatiom
@ Interface smoothing: Find u e U N (FEM)
such that
Y
J H(¢) kVu-VodQ = go dQ, Calculate shape sensitivities
D T'n and solve extension T
-regularisation problems Fal.
forallve V. e
@ Interpolate between 2 and D\(2 Y
via smoothed Heaviside Evolve level set functions
. using H-J evolution equation F— Converged? —
function H and reinitialise
. v
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Crash course on level set-based topology optimisation

Calculate shape derivatives [11, 1, 2]

. , i X Initialise mesh and
E.g., find Fréchet derivative of level set functions |

J(€) = §q sl Vu]? 4O

Y
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Crash course on level set-based topology optimisation

Initialise mesh and

e ey - level set functions
Evolve and reinitialise LSF [8, 9]

Hamilton-Jacobi evolution equa- iy
tion: Solve state equations |
(FEM)
0
% T VVel =0,
#(0,x) = ¢o(x), xe D, te (0,T). v
Calculate shape sensitivities
Reinitialisation equation: and solve extension T
-regularisation problems
E False
5 +sign(9)(| Vel - 1) =0,
#(0,x) = ¢o(x), xe D, te (0,T). - -
volve level set functions
using H-J evolution equation > Converged? —>
and reinitialise
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Original motivation for GridapTopOpt.jl

@ Interested in developing new methods for multi-physics & multi-material problems
— Extensible level-set framework

@ Avoid reinventing the wheel for new problems/methods — high-level interface and
automatic differentiation

@ 2D & 3D — Easily switch between serial & distributed regimes

pr[Pal

(a) Mallon et al. [6] (b) Wegert et al. [12]
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Automatic differentiation for PDE-constrained functionals

uelst,

Find dJ(p,u(p))(q) where {R(u,v;p) =0, Voe V.
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https://zjwegert.github.io/GridapTopOpt.jl/dev/examples/AD-PDE-constrained-functions/
https://zjwegert.github.io/GridapTopOpt.jl/dev/examples/AD-PDE-constrained-functions/

Automatic differentiation for PDE-constrained functionals

uelst,

Find dJ(p,u(p))(q) where {R(u, v;p) =0, Voe V.

GridapTopOpt uses a mix of forward-mode and reverse-mode automatic differentiation:

@ Partial derivatives computed cell-wise using forward-mode AD (e.g., $T(p + gt, u)|1—o)
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https://zjwegert.github.io/GridapTopOpt.jl/dev/examples/AD-PDE-constrained-functions/
https://zjwegert.github.io/GridapTopOpt.jl/dev/examples/AD-PDE-constrained-functions/

Theorem (Céa’s adjoint method)

Suppose [(p,u(p)) is a sufficiently smooth functional and u € U depends on p € ® through the

residual
R(u,v;p) =0, Yo e V.

The directional derivative of | at p in the direction ) is given by

dj(p; %) = 0] (p, u)(¥) — GpR(u, X; p)(h)

where X € V satisfies the weak formulation 0,R(u, X; ¢)(w) = 0, (p,u)(w), Yw € U.
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Theorem (Céa’s adjoint method)
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Theorem (Céa’s adjoint method)

Suppose J(p,u(p)) is a sufficiently smooth functional and u € U depends on p € ® through the
residual

R(u,v;p) =0, Yo e V.
The directional derivative of | at p in the direction ) is given by
dJ(p; ) = pl(p, ) (¥)) — R, X;p)(4)
where X € V satisfies the weak formulation 0,R(u, X; ¢)(w) = 0, (p,u)(w), Yw € U.

o Partial derivatives computed with @
@ New FE operators built into GridapTopOpt:

o Construct forward & adjoint systems
o Cache & solve appropriately in serial/distributed
o Implements reverse-mode rules that can be called by reverse AD package (e.g., Zygote.jl)
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Automatic differentiation for PDE-constrained functionals

uelst,

Find dJ(p,u(p))(q) where {R(u, v;p) =0, Voe V.

GridapTopOpt uses a mix of forward-mode and reverse-mode automatic differentiation:
@ Partial derivatives computed cell-wise using forward-mode AD (e.g., % J(p + qt, u)|i—0)
® Adjoint methods implemented for PDE-constraints
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https://zjwegert.github.io/GridapTopOpt.jl/dev/examples/AD-PDE-constrained-functions/
https://zjwegert.github.io/GridapTopOpt.jl/dev/examples/AD-PDE-constrained-functions/

Automatic differentiation for PDE-constrained functionals

uelst,

Find dJ(p,u(p))(q) where {R(u, v;p) =0, Voe V.

GridapTopOpt uses a mix of forward-mode and reverse-mode automatic differentiation:
@ Partial derivatives computed cell-wise using forward-mode AD (e.g., % J(p + qt, u)|i—0)
® Adjoint methods implemented for PDE-constraints

® (If needed) Reverse-mode AD to differentiate through complicated mappings — hooks
into appropriate reverse-rule where needed

Simple example: https://zjwegert.github.io/GridapTopOpt.jl/dev/
examples/AD-PDE-constrained-functions/
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https://zjwegert.github.io/GridapTopOpt.jl/dev/examples/AD-PDE-constrained-functions/
https://zjwegert.github.io/GridapTopOpt.jl/dev/examples/AD-PDE-constrained-functions/

Original version (Wegert et al. [13]): level-set method with interface smoothing [2]

Source code breakdown (latest version):

@ src/Optimisers/: Optimisers for level-set methods (augmented Lagrangian &
projection method)

@ src/LevelSetEvolution/: FD and FE solvers for Hamilton-Jacobi and
reinitialisation equations

@ src/StateMaps/: Adjoint methods & reverse-mode rules
° ...

Dependencies: Partitioned Arrays.jl [2], GridapDistributed.jl [2], GridapPETSc.jl [10],
GridapSolvers.jl [7], ...
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Example — Minimum thermal compliance

T
D min | H,(0)| Vul dx
¢ Jp
I'p 'y s.t. Vol(Q) = Vy,
Q ue Hp (D)
I'p J H,(¢)Vu-Vodx = j vds, Vo e Hp (D).
D I'n

I'p Example code
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https://github.com/zjwegert/GridapTopOpt.jl/blob/main/scripts/Examples/BoundarySmoothing/MPI/3d_thermal_compliance_ALM.jl

Minimum thermal compliance

Figure: Initial structure with 150° elements &

(4,6,6)-partitioning E]
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Many topology optimisation problems tractable

(b) (©
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Many topology optimisation problems tractable
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Limitations due to interface ‘smoothing”:
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Many topology optimisation problems tractable

(b) (c)

Limitations due to interface ‘smoothing”:

e Automatic differentiation only approximates shape derivatives

@ Causes computational issues for multi-physics problems (e.g., fluid-structure
interaction & piezoelectricity)
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New features: Unfitted FEs and automatic shape differentiation

As part of a recent publication (Wegert et al. [14]), we:
e Extended GridapTopOpt to unfitted discretisations

o Implemented automatic shape differentiation for unfitted discretisations
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Automatic shape differentiation on unfitted discretisations

— (0,1) —
F(¢) L(@f@) dx _x=Tul®), .

Need to compute directional derivative ¢
1

F'(¢)(w). (0,0) (1,0)
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Automatic shape differentiation on unfitted discretisations

For & E
Fo)= ) S0 &V x = Ty(€) ,
2
Need to compute directional derivative ¢ 01(9)
Fo)w). (0,0) (1,0) N

for each cut cell do
Propagate dual numbers through the cell-wise degrees of freedom (11; — u; + €;);

Compute the nodal coordinates of the cuts v1(¢; + ¢;) and v2(¢; + €;);
Construct the map Ty, 4, and the corresponding Jacobian Jx (g, +<,);
Evaluate the functional F(¢; + ¢;) and extract dual components;

end
Assemble these local vectors into the global gradient.

(Verified against existing analytic formulas and finite differences)
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Example: Fluid-structure interaction

Dhottom - \FS,D N %8

15 > 1

Similar setup to Feppon et al. [5]. Staggered scheme, i.e one-way coupling, between
@ Stokes: stabilised P; — Py with Nitsche and face ghost-penalty stabilisation [3].

@ Elasticity: face ghost-penalty method with linear Lagrangian elements [4].
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Example: Fluid-structure interaction

1
4+ — i
I'sp 0.7
1 Len
T N K08
' bottom j‘ \
. 15 I
< 4 "
-V O'f(u,P) =0 in Qou(e),
V-u=0 in Qout(9), ~V.o(d)=0 in Q(¢)
= r 7
u=uy onlyp, N o(d) -n= o-f(u,p) n inT(¢),
O'f(u,p)-n=0 on Iy, d=0 onlsp
= s,D-
u= on F(¢) U Dpottoms
u-n=0 on Igiges,
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Example: Fluid-structure interaction

mir&l J(¢) = J o(d):e(d)dx
PEW! Q(¢)

s.t. Vol(9()) = 0.06 Vol(D),

rﬂuid(( s ,(U,q)) =0, V(an) eV x Q7

u,p)
relast((uap); d, S) =0, VseT.

@ Non-bodyfitted methods (e.g., smoothed interface method) struggle to resolve
boundary conditions
@ Analytic calculation of shape derivatives is difficult
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Example: Fluid-structure interaction

miri J(¢) = f o(d):e(d)dx
PEW! Q(¢)

s.t. Vol(Q(¢)) = 0.06 Vol(D),
rﬂuld(( ) ,(U,Q)) =0, V(U’Q) eV x Q:

u,p)
u,p),d,s) =0, VseT.
/: : é;
\

Telast ( ( )
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Example: Fluid-structure interaction

A Ph
0.0e+00 0.4 0608 1 121416 2.0e+00 -6.0e-01 0 0.5 1 1.5 2.2e+00

—\ S 1_ ﬁ | | —
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Final remarks and future work

o GridapTopOpt.jl: framework for level-set topology

optimisation in the Gridap ecosystem 6'3\
@ Automatic differentiation tools for generic

PDE-constrained functionals 5
Future work/features
@ Multi-phase unfitted methods I

@ Second order AD methods
@ Geometric constraints

@ Support for alternate topology optimisation methods
(e.g., density methods)
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Appendix: Analytic results (volume integrals)

Theorem (Berggren, 2023)

Under perturbations ¢:(x) = ¢(x) + tw(x), the directional derivative of the volume integral

1 (p) = J;)((b)f dx7

dh Lﬂf | a11€Z)|

for f € C(Ty,), satisfies

where 0,¢ = n - V.
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Appendix: Analytic results (Surface integrals (I))

Given the interface S € Fj, between two cut cells Ki, K, € 7T;,, we define:
o my the co-normal vectors perpendicular to £ and npq, ~k,
e 1° the interface normal: outward-directed from 2, and orthogonal to 02 N S ford = 3.

IS BRI 4/ FIo N & SN0, A \
. .~ * .
Lt o K T - v
- ~ ’
00, ” 3 ;
<
K “MoQ, K,
K K S l'
1 2 A
~
K>

(a)Case D =2 (b)Case D =3
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Appendix: Analytic results (Surface integrals (II))

Theorem (Berggren, 2023)

Under perturbations ¢:(x) = ¢(x) + tw(x), if 0UP) N Vi, = & and 02(¢p) n dD = ¢, the directional
derivative of the surface integral

for f € C\(Ty), satisfies

_ [ S w .
Pow) == | g L Lgms Wl

Se.Z,\éD

where [fm] = fimy + fomy. Here fy is the limit f on S defined by fi(x) = lim. o+ f (x — emy) for
xedlnS.

Notation: V), is the set of vertices in the mesh 7}, 0D is the boundary of the background domain,
and .7}, is the set of facets in the mesh 7.
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Appendix: Analytic results (Surface integrals (III))

Theorem (ZJW et al., 2025)

Under perturbations ¢;(x)
surface integral

= N
||
=
-
<
|

d(x) + tw(x), if 0(p) N V), = I, the directional derivative of the

for f € CY(Ty), satisfies

I A S
A6 == | (e Lgms ”f’””w ¢|

Se#,\oD

dy.

SE?]I(W DLQHS ¢|
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Appendix: Analytic results (Flux integrals)

|

Lemma (Z]W et al., 2025)
Under perturbations ¢¢(x) = ¢(x) + tw(x), if 0Q(p) N V), = & and 0Q(¢p) N 0D = &, the
directional derivative of the surface integral

for f € [CL(Ty)]?, satisfies

a(¢) LQV f\a ¢’
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Appendix: Correctness results (I)

Comparison of exact shape differentiation, automatic shape differentiation, and finite
difference-based derivative for:

(a) Disk (b) 2D bdry intersect

We consider

Vk

n S —
VK|

flx,y) =cos(x +y), g(n)=

i . k(x,y) =x— 11—Osin (?y)
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Appendix: Correctness results (II)

F Level-set function | ||dFAp — dFexact||co | ||[dFap — dFrpm|| oo

Disk 3.47x107 4.44x10710

J' fdx 2D bdry intersect 7.81x10718 2.09x10~1
() Sphere 3.90x1018 4.22x1071
3D bdry intersect 1.73x10~18 7.04x10~12

Disk 3.47x1071® 3.59x107®

J' Fds 2D bdry intersect 3.05x10-16 1.03x10~°
29(6) Sphere 2.64x1071° 9.39x10~10
3D bdry intersect 2.92x1071° 1.62x10710

Disk 430 x 10~1° 1.52 x 1077
J Fonds 2D bdry intersect N/A 6.78 x 10711
29(6) Sphere 3.12 x 1077 1.44 x 10710
3D bdry intersect N/A 1.63 x 10711

Disk N/A 9.35 x 10~8

f g(n) ds 2D bdry intersect N/A 2.35 x 10~°
29(¢) Sphere N/A 2.50 x 10~
3D bdry intersect N/A 6.09 x 10~10
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Appendix: GridapTopOpt benchmarking

|— - Ideal x Thermal O Elasticity + Hyperelasticity‘

Speedup

Figure: Figure (a): strong scaling benchmark. Figure (b): weak scaling benchmark.

102
/" +
PPQL)
/’,OQ X XX
, % X
1 4
10 ,’Q¥
H T
R+
100®"
10! 102 10°

Number of processors

Time (sec)

+ ++ ++
+

1021
: 00 OOOOOCO
10!
s XXX x x XX
10! 102 10°

Number of processors
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Appendix: Some numerical example specifics

@ Solved using Intel® Xeon® Platinum 8274 Processors with 4GB per core on the
Gadi@NCI Australian supercomputer

@ ~ 4 million degrees of freedom distributed over 144 partitions
@ Number of iteration and total walltime:

o Thermal compliance problem: 167 iterations, 15 minutes
Inverter problem: 523 iterations, 5.5 hours

Elastic compliance problem: 108 iterations, 38 minutes
Hyperelastic compliance problem: 139 iterations, 8.8 hours
Inverse homogenisation: 356 iterations, 4 hours
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